Six Sigma is a widely used moniker to represent a set of design and manufacturing techniques, the aggregate of which should effectively improve quality and lower cost. Six Sigma implies that six standard deviations of performance should be maintained between the performance mean and the closest specification limit. When multiple performance attributes must be satisfied, aggregation techniques may be applied for evaluation and optimization. This paper evaluates two common aggregation techniques, the multi-process capability index and the process desirability index, and investigates their appropriateness relative to variation and uncertainty. These methods are applied to a data set for DVD manufacturing generated according to a Central Composite Design for 6 processing variables and 8 quality attributes. The results indicate that both indices may lead to erroneous design and manufacturing decisions with poor estimation of quality and cost.
INTRODUCTION
Continued global competitiveness has increased standards for product quality and performance while requiring reduced product development time and unit cost. In this modern manufacturing paradigm, the efficient development and delivery of robust product and process designs can differentiate the market leader from the follower. Consider the following trends in the product development cycle: reduction of typical product development time by 10% per year (Muccio 1992) ; increasing mass customization and proliferation of product variety (Martin 1996) ; increasing reliance on electronic design and manufacturing environments (Noaker 1996) ; continued global dispersion of the product development team (Blaich 1988) ; and continued horizontal outsourcing of production. It is not uncommon for 80% of a company's revenue to be derived from products that are less than two years old (Taninecz 1995) .
Six Sigma initiatives have been, and are continuing to be, introduced by many companies as a competitive strategy (Breyfogle 1999; Buggie 2000; Pearson 2001 ). Generally, Six Sigma programs are believed to provide employees with a heightened sensitivity to quality as well as a rational framework for measuring and improving quality while controlling costs. As such, companies implementing Six Sigma anticipate more robust and desirable products fueling revenue growth while improving profitability through internal productivity gains as well as cost and warranty reductions. A typical Six Sigma program consists of multiple levels of trainers and trainees, with content frequently including:
• Quality Function Deployment Perhaps the most fundamental tenet of Six Sigma, from which the name is derived, is that six standard deviations of performance should be maintained between the performance mean and the closest specification limit as shown in Figure 1 . In this paper, LSL and USL correspond to the lower and upper specification limit on a quality attribute, while µ and σ represent its observed mean and standard deviation. Statistically, such a condition would correspond to three defects per million opportunities (DPMO).
Figure 1: Six Sigma Philosophy
In the development of Six Sigma, there are two somewhat different philosophies for achieving Six Sigma (Fan 1990 ). First, it has been argued that Six Sigma is necessary in large systems containing many opportunities for defects. Since the system may fail with any given component, reliability theory states that the DPMO must be extremely low to achieve reasonable yields in production, typically greater than 95%. An alternate philosophy in Six Sigma pertains to the product development process and ensuring long term stability in the product quality. Specifically, Six Sigma can permit a long term shift of three sigma in the mean or specifications while ensuring three sigma for short term, random variation. As such, a 99.87% yield should be achieved 99.87% of the time.
Whichever the motivation for Six Sigma, a process capability index, Cp,
or the asymmetric process capability index, Cpk,
is frequently utilized as a measure of robustness (Kane 1986; Kotz and Johnson 1993; Bothe 1997) . The Cpk index has two advantageous properties: 1) that it can be used for one sided metrics, and 2) denotes a loss in quality due to shifts of the mean off the target center. In either case, however, a process capability equal to one generally implies product performance at the target level with three standard deviations to the closest specification limit. The process capability should be at least two to meet Six Sigma guidelines. Most engineering systems, however, have multiple quality attributes. As such, there is a need to not only evaluate the process capability for each quality attribute, but also estimate the aggregate quality of all attributes together. Two techniques are frequently used: 1) a roll-up of DPMO to estimate a joint process capability index and associated, and 2) a desirability index that is representative of the overall quality of the product and/or process.
To provide a solid example, the application of these Six Sigma techniques will be demonstrated with acquired data from the production of digital video disc (DVD) molded substrates. Specifically, a Central Composite Design (Box and Wilson 1951; Myers and Montgomery 1995) was utilized in an experimental study of six processing variables (defined in Table  1 ) and eight quality attributes (defined in Table 2 ). The resulting DOE had 45 individual run conditions, with five replicates molded at each run condition for a total of 225 molded samples. DVD experiments were conducted on a Sumitomo SD30 injection-molding machine. All laboratory experimentation was conducted at General Electric Plastics Polymer Processing Development Center, in the Optical Media Development Center (OMDC). The quality characteristics were measured with a TopoMetrix Atomic Force Microscope, Dr. Schenk Optical Disk Scanner, and CD Associates Stamper Player Signal Analysis instrument (Hatch and Kazmer: 2001) . Figure 2 provides a function matrix plotting the mapping from each process input to each process output, with confidence intervals generated at the 95% confidence level. It should be noted that the response methods used and the resulting system characterization are at least typical or better than industry standards. As such, the example should provide some interesting insights to Six Sigma application. Afterwards, the effect of variation and uncertainty will be individually assessed and compared to the Six Sigma results. 
APPLICATION OF SIX SIGMA CRITERION Multi-Cp Index and Yield Estimation
Multi-Cp Index and Yield Estimation is desirable to measure the process capability of the individual quality attributes and the aggregate system. The process capability of each quality attribute can be computed directly as the process capability index of eq. (1) and (2), where the USL, LSL, µ, and σ, are appropriately substituted for each quality attribute. If the mean, µ, and standard deviation, σ, are unknown, then the process capability index of eq. (1) is frequently used with an estimate of σ derived from a moment matching formula (Cacoullos 1982) .
It has been proposed (Ford 1996; Kazmer 1999 ) that the process capability of a system with multiple quality attributes may be evaluated via the joint probability of likely acceptance as: Thus, the aggregate process capability index considers the likelihood of each quality attribute being acceptable. It has been argued that this measure generally provides a reasonable estimate of system robustness, and does possess several beneficial properties useful in system design including (Kazmer 1999) : 1) models multiple design objectives; 2) convex behavior allows for global optimization; 3) allows for direct inclusion of different kinds of specifications; 4) consistent with Taguchi's concept of tolerance design since it promotes central tendencies with small deviations in product properties, rather than a goal post mentality (Devore 1995) ; and, 5) consistent with many design axioms to minimize information content since the production yield will tend to decline geometrically as the number of requirements rise (Suh, Bell et al. 1977; Suh 2001) .
However, it is important to note that unpublished validation has shown that the independence assumption used in eq. (3) is not generally valid. As an extreme case, consider the two mutually exclusive functions y 1 and y 2 shown in Figure 2 . If the lower specification limit is 0 and the standard deviation is 0.1, then each quality attribute will have a probability of acceptance as a function of x 1 as indicated by the right hand axes for y 1 and y 2 . The use of the joint probability will lead to the incorrect evaluation of the system capability, provided in the third sub plot, which in actuality is uniformly 0 for all x 1 . While this is an extreme example, it is demonstrative of the pathology of the approach since the covariance of multiple, non-linear quality variables is not considered. The joint process capability can be similarly evaluated for the DVD case study. The standard deviation of the observed quality attributes y 1 to y 8 was [12.2958, 14.1598, 2.0661, 1.0528, 0.0684, 0.0537, 0.0242, 0.0237, 10.3711] . As such, Figure 3 plots the aggregate process capability index as a function of x 2 and x 6 , which are the two most critical process variables for this system. Inspection of the results indicates a local process optimum at the point indicated, with an aggregate process capability index of 1.31, corresponding to a 4σ capability, projected yield of 99.996%, and forty defects per million opportunities. As such, the decision would likely be made to accept the process operating at maximum x 2 with x 6 in the lower end of its processing range. 
Process Desirability Evaluation
The DVD manufacturing process of Figure 2 demonstrates both multiple conflicting quality attributes and non-linear system responses. Even with this matrix of functional relations, the practitioner may be unable to satisfactorily improve a quality attribute without degrading other quality attributes or cost. As such, optimization methods may be utilized to define the feasibility and goodness of the processing space. According to established response surface methodology, multiple desirability functions are use to evaluate the quality attributes relative to defined goals to maximize, minimize, or target each process variable or quality attribute. The overall desirability is then evaluated as the geometric mean of all evaluated desirabilities (Myers and Montgomery 1995) .
In the definition of the optimization problem, the desirability of each factor is typically evaluated relative to its defined upper and lower allowable limits. A weighting factor, w i , is used to control the curvature of the desirability with changes in the performance attribute. For the case where more of an attribute, y i , is desired, the desirability may be evaluated as shown in Figure 4 , according to the equations: A relative weighting between quality attributes may also be applied to achieve a single aggregate measure of a processing point. One common approach is to use a multiplicative form to combine multiple desirability evaluations, d i , raised to varying powers in accordance to their importance, r i :
However, as with the covariance issue under the joint probability yield estimation, the cumulative desirability index, D, assumes independence of each d i .
Once a proper process model and objective function is formed, weak or strong optimization methods such as steepest descent, conjugate gradient, Simplex, random search, simulated annealing, Tabu search, or evolutionary algorithms may be used to evaluate the feasible space and identify likely optimal solutions. An example of a typical result is shown in Figure 5 , which is a contour plot of the evaluated desirability of x 2 and x 6 across all the eight of the DVD quality attributes. Inspection of the results indicates a local process optimum at the points indicated, with an aggregate desirability index of 0.33, fairly low due to the fact that many of the quality attributes are not centered between their specification limits. Given that the desirability index represents a joint optimum, however, the decision would likely be made to accept the process operating at minimum x 6 with x 2 in the upper end of its processing range. The value of the desirability is difficult to interpret, since the result does not represent the true quality or cost of the resulting manufactured DVD. While utility theory can be applied to generate desirability functions, such approaches may lead to low desirability values that grossly misrepresent the true behavior of the manufacturing process, and thus provide no acceptable decision support.
EFFECT OF UNCERTAINTY AND VARIATION
The two described Six Sigma techniques arguably provide advantageous decision support through the estimation of the joint process capability index and process desirability. Both of these indices can be used as a basis for product and process improvement, parametric optimization, variance reduction, etc. Given the competitiveness in commercial applications, there is a trend to continuously improve processes and report everincreasing process capability indices. In fact, commercial applications have been reported with Cp values greater than ten, indicating at least thirty standard deviations between the mean and the closest specification limit.
While conceptually and qualitatively useful, these techniques assume a known, deterministic decision model as well as the appropriateness of normal statistics. However, long run manufacturing studies indicate that processes typically exhibit significantly broader tails than characterized by a short run variation study (Cacoullos 1982) . As a result, the explicit and consistent use of these Six Sigma techniques may lead to acceptance of defective products, or rejection of acceptable products.
Recalling that one intent of the original Six Sigma programs (Fan 1990) was to provide 99.87% yield (3σ for variation) in 99.87% of engineering applications (3σ for uncertainty), manufacturers should not rely on excessive Cp levels, and should actively consider the uncertainty in the transfer function relating inputs to outputs (e.g. Figure 1 ) as well as the uncertainty regarding the utility of the different quality attributes relative to the ultimate product performance and cost. Application of statistical methods to the complex manufacturing processes indicates that the effect of uncertainty regarding the true process behavior may far exceed the quality loss due to manufacturing process variation. Table 3 , for example, shows the observed process standard deviation of three different quality attributes in a DVD manufacturing process. The application of response surface methods and numerical sampling techniques provides an insightful counterpoint to the process capability plot of Figure 3 and the desirability plot of Figure 5 with respect to the decomposed effects of variation and uncertainty. For the sake of explicitness, let robustness to variation be defined as the probability of a quality attribute being within specification limits given random variation, evaluated according to eq. (4). Let confidence against uncertainty be defined as the probability of a quality attribute being within specification limits given model uncertainty, evaluated with confidence intervals on the model behavior according to varying levels of error, α.
As such, Figure 6 plots the allowable process window for x 2 and x 6 with levels of varying robustness and/or confidence equal to 20%, 50%, 80%, 90%, 95%, 99%. For instance, the upper left graph provides the upper left bound of the process window assuming no variance or uncertainty, while the lower right graph shows the process window assuming equal values of robustness and uncertainty corresponding to 20%, 50%, 80%, and 90%. Figure 6 demonstrates some very interesting concepts. First, the Six Sigma techniques do provide a reasonable prediction for robust product and process design with respect to variation alone, indicating that the process should be operated at minimal x 6 . However, it is observed that consideration of model uncertainty will tend to move the desired processing point away from the previously considered robust point. Moreover, it is observed that the process window for the DVD manufacturing process exists for a maximum joint probability of 90% uncertainty and robustness, compared to 99+% levels for robustness and confidence alone. For reference, the Matlab code used to produce these 
SUMMARY
Six Sigma techniques have provided significant benefits to development of improved engineering designs and manufacturing processes. The aggregate process capability index, which corresponds to the aggregation of defect per million operations (DPMO), as well as the aggregate desirability index have been discussed with application to DVD manufacturing. The discussion identified flaws with respect to the independence of multiple quality attributes when calculating the joint process capability index, as well as the rationality of desirability functions based solely on predicted values of the quality attributes. The results indicate that these errors can lead not only to miscalculation of the magnitude of the magnitude of the system performance, but also to changes in the solution topology and likely acceptance of inferior decisions. Figure 6 , for example, indicates that a process capability of only 0.4 (90% yield) is realistically achievable at a 90% confidence level even though the achievable process capability predicted without considering confidence was much higher. As such, recent trends to very high process capability indices may be of dubious value, eroded by non-normal statistics, long-run shifts in production means, and uncertain system behaviors. Common cost of quality principles, illustrated in Figure 7 , dictate that as the process capability increase, defect costs will tend to become asymptotically zero. However, the cost of compliance will increase due to increased inspection costs and tighter process control, among others. Moreover, an overly myopic focus on variance reduction may impede beneficial shifts in the product quality attributes, or worse provide disincentives for new products and processes that may have initially low process capabilities. Consideration of uncertainty in decision models is vital, since it provides a basis for estimating what level of process capability may pragmatically be achieved as well as the potential need for reducing uncertainty regarding model behavior for true product and process optimization. for k = 1:length(beta), delta = zeros(size(beta)); delta(k) = sqrt(eps)*beta(k); yplus = feval(modtype,beta+delta,x); ypred = feval(modtype,beta,x); J(:,k) = (yplus -ypred)/delta(k); end E = J*Rinv; deltay = sqrt(sum((E.*E)')')*crit;
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